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SUBGROUP PROPERTIES OF PRO-p EXTENSIONS OF
CENTRALIZERS
ILIR SNOPCE AND PAVEL A. ZALESSKII
Abstract. We prove that a finitely generated pro-p group acting on a pro-
p tree T with procyclic edge stabilizers is the fundamental pro-p group of a
finite graph of pro-p groups with edge and vertex groups being stabilizers of
certain vertices and edges of T respectively, in the following two situations: 1)
the action is n-acylindrical, i.e., any non-identity element fixes not more than
n edges; 2) the group G is generated by its vertex stabilizers. This theorem is
applied to obtain several results about pro-p groups from the class L defined and
studied in [16] as pro-p analogues of limit groups. We prove that every pro-p
group G from the class L is the fundamental pro-p group of a finite graph of
pro-p groups with infinite procyclic or trivial edge groups and finitely generated
vertex groups; moreover, all non-abelian vertex groups are from the class L of
lower level than G with respect to the natural hierarchy. This allows us to give
an affirmative answer to questions 9.1 and 9.3 in [16]. Namely, we prove that
a group G from the class L has Euler-Poincare´ characteristic zero if and only
if it is abelian, and if every abelian pro-p subgroup of G is procyclic and G
itself is not procyclic, then def(G) ≥ 2. Moreover, we prove that G satisfies the
Greenberg-Stallings property and any finitely generated non-abelian subgroup
of G has finite index in its commensurator.
We also show that all non-solvable Demushkin groups satisfy the Greenberg-
Stallings property and each of their finitely generated non-trivial subgroups has
finite index in its commensurator.
1. Introduction
The main structure theorem of the Bass-Serre theory states that a group G
acting on a tree T is the fundamental group of a graph of groups whose vertex
and edge groups are the stabilizers of certain vertices and edges of T . This means
that G can be described by taking iterated amalgamated free products and HNN
extensions. The analogue of the structure theorem in the pro-p case does not
hold in general [7]. Nevertheless, it was proved in [9] that every finitely generated
infinite pro-p group that acts virtually freely on some pro-p tree D is isomorphic
to the fundamental pro-p group of a finite graph of finite p-groups whose edge and
vertex groups are isomorphic to the stabilizers of some edges and vertices of D.
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The first objective of our paper is to prove that such a pro-p version of the Bass-
Serre theory structure theorem holds for finitely generated pro-p groups acting on
a pro-p tree with cyclic edge stabilizers in any of the following two situations:
1) the action is n-acylindrical, i.e., any non-identity element fixes not more than
n consecutive edges;
2) the group G is generated by its vertex stabilizers.
Theorem A. Let G be a finitely generated pro-p group acting on a pro-p tree T
with procyclic edge stabilizers. Suppose that either the action is n-acylindrical or
G is generated by its vertex stabilizers. Then G is the fundamental pro-p group of a
finite graph of pro-p groups (G,Γ) with procyclic edge groups and finitely generated
vertex groups. Moreover, the vertex and edge groups of (G,Γ) are stabilizers of
certain vertices and edges of T respectively, and stabilizers of vertices and edges of
T in G are conjugate to subgroups of vertex and edge groups of (G,Γ) respectively.
The original motivation for this study was an attempt to investigate further the
pro-p analogues of abstract limit groups defined and studied by Kochloukova and
the second author in [16].
Limit groups have been studied extensively over the last ten years and they
played a crucial role in the solution of the Tarski problem [12-14, 27-32]. The name
limit group was introduced by Sela. There are different equivalent definitions for
these groups. The class of limit groups coincides with the class of fully residually
free groups; under this name they were studied by Remeslennikov, Kharlampovich
and Myasnikov. One can also define limit groups as finitely generated subgroups
of groups obtained from free groups of finite rank by finitely many extensions of
centralizers. Starting from this definition, a special class L of pro-p groups (pro-
p analogues of limit groups) was introduced in [16]. The class L consists of all
finitely generated subgroups of pro-p groups obtained from free pro-p groups of
finite rank by finitely many extensions of centralizers. In [16] it was shown that
many properties that hold for limit groups are also satisfied by the pro-p groups
from the class L. In the present paper we study further the group theoretic
structure properties of the pro-p groups from the class L and prove some other
results that are known to hold in the abstract case.
It is well known that a freely-indecomposable limit group of height h ≥ 1 is the
fundamental group of a finite graph of groups that has infinite cyclic edge groups
and has a vertex group that is a non-abelian limit group of height ≤ h − 1; for
example, see Proposition 2.1 in [3]. This fact allows one to prove many interesting
properties for limit groups using induction arguments. The main theorem of this
paper is an analogue of this result for pro-p groups from the class L.
Theorem B. Let G be a pro-p group from the class L. If G has weight n ≥ 1, then
it is the fundamental pro-p group of a finite graph of pro-p groups that has infinite
procyclic or trivial edge groups and finitely generated vertex groups. Moreover, if
SUBGROUP PROPERTIES OF PRO-p EXTENSIONS OF CENTRALIZERS 3
G is non-abelian, then it has at least one vertex group that is a non-abelian pro-p
group and all the non-abelian vertex groups of G are pro-p groups from the class
L of weight ≤ n− 1.
Case 1) of Theorem A is the key ingredient of the proof of Theorem B.
Theorem B has some interesting consequences. In [15] Kochloukova proved that
any limit group G has non-positive Euler-Poincare´ characteristic χ(G) and that
χ(G) = 0 if and only if G is abelian. Inspired from this result, in [16], Kochloukova
and the second author proved that any pro-p group G from the class L has a non-
positive Euler-Poincare´ characteristic and raised the question whether it is true
that χ(G) = 0 if and only if G is abelian (see question 9.3 in [16]). We use Theorem
B to give an affirmative answer to this question. In the same paper, Kochloukova
and the second author noted that if G is a limit group such that every abelian
subgroup of G is cyclic and G itself is not cyclic then the deficiency def(G) ≥ 2,
and they raised the question whether the analogue of this result is also true for
pro-p groups from the class L (see question 9.1 in [16]). We use Theorem B once
more to give a positive answer to this question.
In [37], based on results of Greenberg [6] , Stallings proved that if G is a free
group and H and K are finitely generated subgroups of G with the property
that H ∩ K has finite index in both H and K, then H ∩ K has finite index
in 〈H,K〉, where 〈H,K〉 denotes the subgroup of G generated by H and K.
Nowadays this property is known as Greenberg-Stallings property. Kapovich [11]
proved that finitely generated word-hyperbolic fully residually free groups satisfy
the Greenberg-Stallings property. Nikolaev and Serbin extended it to all limit
groups [22]. In this paper we prove that all pro-p groups from the class L satisfy
this property.
In [26] Rosset proved that every finitely generated subgroup H of a free group
F has a “root”: a subgroup K of F that contains H with |K : H| finite and which
contains every subgroup U of F that contains H with |U : H| finite. We extend
the result of Rosset to the class of all limit groups. We also prove the existence of
the root for finitely generated closed subgroups of pro-p groups from the class L.
This allows us to show that every non-abelian finitely generated closed subgroup
H of a pro-p group G from the class L has finite index in its commensurator
CommG(H). This property is also satisfied by abstract limit groups [22].
We list our results for the pro-p analogues of limit groups in the following.
Theorem C. Let G be a pro-p group from the class L. Then
(1) The group G has a non-positive Euler-Poincare´ characteristic. Moreover
χ(G) = 0 if and only if G is abelian;
(2) If every abelian pro-p subgroup of G is procyclic and G itself is not pro-
cyclic, then def(G) ≥ 2;
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(3) If every abelian pro-p subgroup of G is procyclic and G itself is not pro-
cyclic, then G has exponential subgroup growth;
(4) There are only finitely many conjugacy classes of non-procyclic maximal
abelian subgroups of G;
(5) [Greenberg-Stallings Property] If H and K are finitely generated subgroups
of G with the property that H ∩K has finite index in both H and K, then
H ∩K has finite index in 〈H,K〉;
(6) If H is a finitely generated subgroup of G, then H has a root in G;
(7) If H is a finitely generated non-abelian subgroup of G, then |CommG(H) :
H| <∞.
By Corollary 5.5 in [16], we know that a solvable Demushkin group belongs to
the class L if and only if it is abelian. It is not clear which non-solvable Demushkin
groups belong to the class L. In [16] it was shown that if G is a Demushkin group
with the invariant q = ∞ and d(G) divisible by 4, then G ∈ L; in the remaining
cases it is not known whether G ∈ L. Anyway, we show that parts (5), (6) and (7)
of the above theorem also hold for any non-solvable Demushkin group G. Indeed,
we study a more general family of groups that includes finitely generated free pro-p
groups and Demushkin groups, and prove the following.
Theorem D. Let G be a pro-p group with the property that all infinite index
finitely generated subgroups of G are free pro-p. Suppose that G is finitely presented
and has an open subgroup of deficiency greater than 1. Then
(1) If H is a finitely generated subgroup of G that contains a non-trivial normal
subgroup of G, then H has finite index in G;
(2) [Greenberg-Stallings Property] If H and K are finitely generated subgroups
of G with the property that H ∩K has finite index in both H and K, then
H ∩K has finite index in 〈H,K〉;
(3) If H is a finitely generated subgroup of G, then H has a root in G;
(4) Suppose in addition that all infinite index subgroups of G are free pro-p
groups. Then |CommG(H) : H| <∞ for any non-trivial finitely generated
subgroup H of G.
We note that we can not use in our proofs standard combinatorial methods as
in the abstract case because not all elements of pro-p groups can be expressed as
finite words of generators.
Organization. We prove Theorem A in section 2. In section 3 we prove Theorem
B and parts (1), (2), (3) and (4) of Theorem C. Parts (5), (6) and (7) of Theorem
C are proved in section 4. Theorem D is proved in section 5; as an immediate
consequence we get our results for Demushkin groups. In section 6 we note that
every finitely generated subgroup of an abstract limit group has a root.
Notation. Throughout the paper p denotes a prime. The p-adic integers are de-
noted by Zp. When G is a topological group, then subgroups of G are tacitly
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taken to be closed, unless otherwise stated; also d(G) tacitly refers to the mini-
mal number of topological generators of G. Moreover, homomorphisms between
topological groups are tacitly taken to be continuous. For a pro-p group G acting
continuously on a pro-p tree T we define G˜ := 〈Gx | x ∈ T 〉, where Gx is the
stabilizer of the point x.
2. The decomposition theorem for pro-p groups acting on a pro-p
tree T with procyclic edge stabilizers
In this section we prove Theorem A, stated in the introduction. We start with
some definitions, following [24]. A profinite graph is a triple (Γ, d0, d1), where Γ
is a boolean space and d0, d1 : Γ → Γ are continuous maps such that didj = dj
for i, j ∈ {0, 1}. The elements of V (Γ) := d0(G) ∪ d1(G) are called the vertices of
Γ and the elements of E(Γ) := Γ − V (Γ) are called the edges of Γ. If e ∈ E(Γ),
then d0(e) and d1(e) are called the initial and terminal vertices of e. If there is no
confusion, one can just write Γ instead of (Γ, d0, d1).
Let (E∗(Γ), ∗) = (Γ/V (Γ), ∗) be a pointed profinite quotient space with V (Γ)
as a distinguished point, and let Fp[[E∗(Γ), ∗]] and Fp[[V (Γ)]] be respectively the
free profinite Fp-modules over the pointed profinite space (E∗(Γ), ∗) and over the
profinite space V (Γ) (cf. [23]). Let the maps δ : Fp[[E∗(Γ), ∗]] → Fp[[V (Γ)]] and
ǫ : Fp[[V (Γ)]]→ Fp be defined respectively by δ(e) = d1(e)−d0(e) for all e ∈ E∗(Γ)
and ǫ(v) = 1 for all v ∈ V (Γ). Then we have the following complex of free profinite
Fp-modules
0 −−−→ Fp[[E∗(Γ), ∗]]
δ
−−−→ Fp[[V (Γ)]]
ǫ
−−−→ Fp −−−→ 0.
We say that the profinite graph Γ is a pro-p tree if the above sequence is exact. If
T is a pro-p tree, then we say that a pro-p group G acts on T if it acts continuously
on T and the action commutes with d0 and d1. For t ∈ V (T )∪E(T ) we denote by
Gt the stabilizer of t in G. For more details about pro-p groups acting on pro-p
trees see [24] and [40].
We will need the following technical lemma, whose proof is similar to the proof
of Lemma 2.7 in [9]. Recall that given a pro-p group G, we denote by d(G) the
minimal number of topological generators of G.
Lemma 2.1. Let G be a finitely generated pro-p group with d(G) ≥ 2.
(a) If G = A∐C B is a free amalgamated pro-p product with C procyclic, then
d(G) ≥ d(A) + d(B)− 1.
(b) If G = HNN(H,A, t) is a pro-p HNN-extension with A procyclic, then
d(G) ≥ d(H).
Proof. For a pro-p group H denote by H¯ the Frattini quotient H/Φ(H).
(a) Let N be the kernel of the canonical homomorphism A¯ ∐ B¯ → G¯. Since
C is procyclic, the image M of N via the cartesian map A¯ ∐ B¯ → A¯× B¯
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is also procyclic. The latter map induces an epimorphism from G¯ to the
elementary abelian pro-p group (A¯× B¯)/M . Hence d(G) = d(G¯) ≥ d(A¯)+
d(B¯)− 1 = d(A) + d(B)− 1.
(b) Suppose that G = HNN(H,A, t) = 〈H, t | tat−1 = f(a)〉, where 〈a〉 = A.
Then there is an obvious epimorphism G → (H¯ × 〈¯t〉)/〈t¯a¯(t¯)−1(f(a))
−1
〉.
Thus d(G) ≥ d(H).

Next we prove a preliminary result on the fundamental pro-p group of a finite
graph of finite p-groups. The fundamental pro-p group Π1(G,Γ) of a finite graph of
finite p-groups (G,Γ) can be defined as the pro-p completion of the abstract (usual)
fundamental group Πabs1 (G,Γ). Thus G = Π1(G,Γ) has the following presentation
Π1(G,Γ) = 〈G(v), te | rel(G(v)), ∂1(g) = ∂0(g)
te, g ∈ G(e), te = 1 for e ∈ T 〉;
here T is a maximal subtree of Γ and ∂0 : G(e) −→ G(d0(e)), ∂1 : G(e) −→ G(d1(e))
are monomorphisms.
The fundamental group Π1(G,Γ) acts on the standard pro-p tree S associated
to it with vertex and edge stabilizers being conjugates of vertex and edge groups
and such that S/Π1(G,Γ) = Γ (see [40]).
In contrast to the abstract case, the vertex groups of (G,Γ) do not always embed
in Π1(G,Γ), i.e., Π1(G,Γ) is not always proper. If Π
abs
1 (G,Γ) is residually p, then
the vertex groups of (G,Γ) embed in Π1(G,Γ). Thus in the next result we assume
that Πabs1 (G,Γ) is residually p.
Lemma 2.2. Let (G,Γ) be a finite graph of finite p-groups with cyclic edge groups
G(e) such that G(e) 6= G(v) for every edge e in some maximal subtree TΓ of Γ and
every vertex v incident to e. Let G = Π1(G,Γ) be the fundamental pro-p group of
(G,Γ). Then d(G) tends to infinity whenever |Γ| tends to infinity.
Proof. Since the fundamental group Π1(Γ) is a free quotient group of G of rank
|E(Γ)| − |V (Γ)| + 1, if |E(Γ)| − |V (Γ)| → ∞, then d(G) → ∞ and we are done.
Therefore we may assume that |E(Γ)| − |V (Γ)| is bounded by some constant k.
Since G = HNN(Π1(G, TΓ),G(e), te, e ∈ Γ\TΓ) and G(e)’s are cyclic, by Lemma
2.1 (b) it suffices to show that d(Π1(G, TΓ)) grows. Thus we may assume that Γ is
a tree, i.e., Γ = TΓ. Let P be the set of pending vertices. Since G(e) 6= G(v), we
have that the free pro-p product ∐l∈PCp of cyclic groups of order p is a quotient
of Π1(G, TΓ) (one can see this by factoring out the normal subgroup generated
by G(e)’s). Thus |P | is bounded by d(G) and so it suffices to prove the result
for TΓ being a segment. Numerating its edges consequently, we note that the
vertex groups of every odd edge generate non-abelian and so non-cyclic group Gi,
i = 1, 3, 5 . . .. Thus we have Π1(G, TΓ) = G1∐G(e2)G3∐G(e4)G5 · · · . Now the result
follows by Lemma 2.1 (a). 
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Proposition 2.3. Let G be a finitely generated pro-p group acting on a pro-p
tree T with procyclic edge stabilizers. Then G is a surjective inverse limit G =
lim←−U Π1(GU ,Γ) of fundamental groups of finite graphs of pro-p groups (GU ,Γ) (over
the same finite graph Γ), where the connecting maps ψU,W map each vertex group
GU (v) and each edge group GU (e) onto a conjugate of the vertex group GW (v)
and a conjugate of the edge group GW (e) respectively. Moreover, the maximal (by
inclusion) vertex stabilizers in G are finitely generated and there are only finitely
many of them in G up to conjugation. There are also finitely many edge stabilizers
Ge, up to conjugation, whose images in Π1(GU ,Γ) are conjugates of edge groups
and any other edge stabilizer is conjugate to a subgroup of one of these Ge.
Proof. For every open subgroup U of G consider U˜ , a subgroup generated by all
intersections with vertex stabilizers. Then by Proposition 3.5 and Corollary 3.6
in [24], the quotient group U/U˜ acts freely on the pro-p tree T/U˜ and therefore
it is free pro-p. Thus GU := G/U˜ is virtually free pro-p. By Theorem 3.8 in [9]
it follows that GU is the fundamental pro-p group Π1(GU ,ΓU) of a finite graph
of finite p-groups with cyclic edge stabilizers. For a maximal subtree TΓU of ΓU
we may assume that GU (e) 6= GU(v) for every edge e in TΓU and every vertex v
incident to e (if there is an edge e ∈ TΓ and a vertex v incident to e such that
GU (e) = GU(v), then we just collapse e). Clearly we have G = lim←−U GU . Since
d(GU) ≤ d(G), by Lemma 2.2 it follows that the number of vertices and edges of
ΓU is bounded for each U . Since there are only finitely many finite graphs with
bounded number of vertices and edges, by passing to a cofinal system of {ΓU} if
necessary, we can assume that ΓU = Γ for each U . Fix a maximal subtree TΓ of Γ
and recall that GU = Π1(GU ,Γ) has the following presentation:
Π1(GU ,Γ) = 〈GU(v), tU(e) | rel(GU(v)), ∂1(g) = ∂0(g)
tU (e),
g ∈ GU(e), tU(e) = 1 for e ∈ TΓ〉.
Now let U and W be open subgroups of G such that U ≤ W , let v ∈ V (Γ) and
let ψU,W : GU → GW be the natural epimorphism. Since GU (v) is a finite p-group
we have that ψU,W (GU (v)) also is a finite p-group, and so, by Theorem (3.10) in
[40], it stabilizes a vertex (under the action of GW = Π1(GW ,Γ) on its associated
pro-p tree). Hence it is contained in a conjugate of some vertex group of (GW ,Γ).
Since Γ has only finitely many vertices, by passing to a cofinal system if necessary,
for U ≤ W we have a homomorphism GU (v) → GW (v)
gU,W,v , where gU,W,v is some
element of Π1(GW ,Γ).
Let e ∈ E(Γ) and suppose that d0(e) = u and d1(e) = v. Then, since GU(e) =
GU (u) ∩ GU(v), for U ≤W we have
ψU,W (GU(e)) ≤ GW (u)
gU,W,u ∩ GW (v)
gU,W,v (1)
Thus, as in the case with vertex groups, for U ≤ W (if necessary we pass to
a cofinal system), the group GU(e) maps to the group GW (e), up to conjugation.
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Thus for every e we have an inverse system {GU(e)
gU | gU ∈ GU} of conjugates
of GU(e). The inverse limit of these families, for every e ∈ E(Γ), gives the family
{Ge} of groups closed under the conjugation by elements of G. Let us choose a
representative G(e) of {Ge}. Its images on Π1(GU ,Γ) under the projection maps
form the inverse system {G ′U(e)} (for each e ∈ E(Γ)); this inverse system is sur-
jective by Lemma 2.1 (a) in [9], if G(e) 6= 1. For each U , the group GU(e) is the
stabilizer of an edge of the pro-p tree T/U˜ by Theorem 3.8 in [9] and therefore
so is G ′U(e). Hence G(e) stabilizes an edge of the pro-p tree T = lim←−U T/U˜ . If
G(e) = 1, then we can factor out the normal closure of GU(e), since by Lemma
2.1 in [9] we have G = lim
←−U
GU/(GU(e))
GU for such e. Thus we may assume that
{G ′U(e)} is surjective for every e. It follows that G(e) is the stabilizer in G of an
edge of T .
Note that the homomorphism GU(v)→ GW (v)
gU,W,v is an epimorphism. Indeed,
suppose that this homomorphism is not surjective. Then, since GW (v)
gU,W,v is a
finite p-groups, ψU,W (GU(v)) is contained in a maximal subgroup of GW (v)
gU,W,v ,
which is normal and of index p. Using the fact that the homomorphism GU(e)→
GW (e)
hU,W,e is an epimorphism, by factoring out the normal closure of all vertex
groups of Π1(GW ,Γ) except GW (v), it is easy to see that we have a contradiction,
since ψU,V is an epimorphism.
For every vertex v we have an inverse system {GU(v)
gu | gu ∈ GU} of conjugates
of GU(v). The inverse limit of these families gives the family {Gv} of groups closed
under the conjugation by elements of G. Let us choose a representative G(v)
of {Gv}. Its images on Π1(GU ,Γ) under the projection maps form the surjective
inverse system {G ′U(v)}. For each U , the group GU(v) is the stabilizer of a vertex
of the pro-p tree T/U˜ by Theorem 3.8 in [9] and therefore G ′U(v) as a conjugate of
GU (v) is the stabilizer of a vertex of T/U˜ . Hence G(v) is the stabilizer in G of a
vertex of T = lim←−U T/U˜ .
Finally, note that from the fact that d(GU) ≤ d(G) for each U and Lemma 2.1
it follows easily that G(v) is finitely generated for each v ∈ V (Γ). To prove the
last statement of the theorem, let H be the stabilizer of a vertex w in T . Then
ψU (H) is the stabilizer of the image of w in T/U˜ and in particular it is finite.
Therefore by Theorem 3.10 in [40] it is conjugate to a subgroup of a vertex group
GU (v) and so to a subgroup of G
′
U(v). Therefore H is conjugate to a subgroup of
G(v). If H is the stabilizer of an edge of T one uses a similar argument combined
with equation (1). This finishes the proof of the proposition.

We now introduce two separate subsections to be treated separately: the case of
acylindrical action (that will be used in the rest of the paper) and the case when
G is generated by its vertex stabilizers.
2.1. Acylindrical action.
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Definition 1. Let G be a pro-p group acting on a pro-p tree T . We say that this
action is n-acylindrical if for every non-trivial edge stabilizer Ge the subtree of
fixed points TGe (cf. Theorem 3.7 in [24]) has diameter n. Note that by Corollary
4 in [8] this means that any element 1 6= g ∈ G can fix at most n edges in any
(profinite) geodesic [v, w] of S(G).
Lemma 2.4. Let n be a natural number and G be a finitely generated pro-p group
acting n-acylindrically on a pro-p tree T with procyclic edge stabilizers such that
T/G has finite diameter. Then G is the fundamental pro-p group of a finite graph
of pro-p groups (G,∆) with procyclic edge groups and finitely generated vertex
groups. Moreover, the vertex and edge groups of (G,∆) are stabilizers of certain
vertices and edges of T respectively.
Proof. Note first that T/G is connected as an abstract graph (see Corollary 4
in [8]) and therefore every finite cover of it is also connected. It follows that
π1(T/G) is just the pro-p completion of the ordinary fundamental group π
abs
1 (T/G)
(see Proposition 2.1 in [39]). By Lemma 2.3 there are finitely many maximal
stabilizers of vertices Gw1 , Gw2, . . .Gwm up to conjugation. Let C1, C2, . . . Cn be
simple circuits that are free generators of πabs1 (T/G) and let v1, v2, . . . vm be the
images of w1, . . . , wm in T/G. Put ∆ to be a minimal connected subgraph of T/G
containing C1, C2, . . . Cn and v1, v2, . . . vm; clearly ∆ is finite. By the pro-p version
of Lemma 2.14 in [4] for any connected component Ω of the preimage of ∆ in T
and its setwise stabilizer StabG(Ω) we have Ω/StabG(Ω) = ∆. By Proposition 4.4
in [41] a pro-p group acting on a pro-p tree cofinitely is the fundamental group of a
finite graph of groups in a standard manner, i.e., in our case StabG(Ω) = Π1(G,∆).
More precisely, ∆ admits a connected transversal D in Ω with d0(e) ∈ D for every
e ∈ D. This gives the standard structure of a graph of pro-p groups (G,∆) on ∆,
where the vertex and edge groups are stabilizers of vertices and edges of D and
we have
Π1(G,∆) = 〈Gv, xe ∈ StabG(Ω) | v ∈ V (D), xed1(e) ∈ D,
for e ∈ E(D) with d1(e) 6∈ D〉.
Let u1, . . . um be the preimages of v1 . . . vm in D. Then Gu1, Gu2 , . . .Gum are con-
jugates of Gw1, Gw2, . . . Gwm , so that every vertex stabilizer of G up to conjuga-
tion is contained in one of them. Therefore G is generated by πabs1 (T/G) and
Gu1 , Gu2, . . . Gum (see it modulo Frattini). Thus we have
G = 〈Gui, xe ∈ StabG(Ω) | i = 1, . . .m, xed1(e) ∈ D,
for e ∈ E(D) with d1(e) 6∈ D〉
and so G = Π1(G,∆). 
Theorem 2.5. Let n be a natural number and G be a finitely generated pro-p group
acting n-acylindrically on a pro-p tree T with procyclic edge stabilizers. Then G is
the fundamental pro-p group of a finite graph of pro-p groups (G,Γ) with procyclic
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edge groups and finitely generated vertex groups. Moreover, the vertex and edge
groups of (G,Γ) are stabilizers of certain vertices and edges of T respectively, and
stabilizers of vertices and edges of T in G are conjugate to subgroups of vertex and
edge groups of (G,Γ) respectively.
Proof. By Proposition 2.3 there are only finitely many maximal by inclusion
edge and vertex stabilizers in G up to conjugation. Then, since the action is
n-acylindrical, TGe has diameter at most n for every non-trivial edge stabilizer
Ge. It follows that
⋃
Ge 6=1
TGe/G has finite diameter. Indeed, since there are only
finitely many maximal edge stabilizers up to conjugation, it suffices to show that
for a maximal edge stabilizer Gme′ stabilizing an edge e
′, the tree
⋃
Ge≤Gme′
TGe
has finite diameter. But for Ge ≤ Gme′ the geodesic [e, e
′] is stabilized by Ge (cf.
Corollary 3.8 in [24]) and so has length not more than n.
Thus
⋃
Ge 6=1
TGe/G has finite diameter and finitely many connected components.
It follows that the closure ∆ of it has also finite diameter (see appendix in [8])
and finitely many connected components.
Let ∆α be a connected component of ∆. By the pro-p version of Lemma 2.14
in [4] for any connected component Ωα of the preimage of ∆α in T and its setwise
stabilizer StabG(Ωα) we have Ωα/StabG(Ωα) = ∆α. Collapsing all connected com-
ponents of the preimage of ∆ in T , by the Proposition on page 486 in [38] we get a
pro-p tree T¯ on which G acts with trivial edge stabilizers (since T¯Ge is connected
for every e ∈ E(T¯ ) by Theorem 3.7 in [24]), so by Proposition 2.12 in [9] we have
that G is a free pro-p product
G = (
∐
α
StabG(Ωα))∐ (
∐
v 6∈
⋃
αDα
G(v))∐ π1(T¯ /G).
Therefore StabG(Ωα), π1(T¯ /G) and G(v) for v 6∈
⋃
αDα are finitely generated.
By Lemma 2.4 we have that StabG(Ωα) = Π1(G,∆α) is the fundamental group
of a finite graph of groups in a standard manner, where the vertex and edge groups
are stabilizers of vertices and edges of Dα and so
Π1(G,∆α) = 〈Gv, xe ∈ StabG(Ωα) | v ∈ V (Dα), xed1(e) ∈ Dα,
for e ∈ E(Dα) with d1(e) 6∈ Dα〉.
Since the free pro-p product of the fundamental pro-p groups of finitely many
finite graphs of pro-p groups is again the fundamental pro-p group of a finite graph
of pro-p groups, we have the needed structure of the fundamental pro-p group of
a finite graph of pro-p groups on G in this case.
The last part of the theorem follows from Proposition 2.3. 
2.2. Generation by stabilizers.
If G is generated by vertex stabilizers we can prove the structure theorem with-
out n-acylindricity. To accomplish this we need first the following.
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Lemma 2.6. Let (G,Γ) be a finite tree of finite p-groups and let G = Π1(G,Γ) be
the fundamental pro-p group of (G,Γ). Let G(Γ) =
∐
v∈V (Γ) G(v) be a free pro-p
product and let ψ : G(Γ) −→ G be the epimorphism sending G(v) to their copies
in G. Suppose there is a collection {G(v) = G(v)gv , v ∈ V (Γ), gv ∈ G(Γ)} of
conjugates of free factors of G(Γ) and a collection {G(e) = G(e)ge, e ∈ E(Γ), ge ∈
G} of conjugates of edge groups of G such that ψ(G(d1(e)))∩ψ(G(d0(e))) = G(e).
Then the kernel of ψ is generated by the set of elements ψ−11,e(g
−1)ψ−10,e(g), where
g ∈ G(e) and ψi,e = ψ|G(di(e)), i = 0, 1.
Proof. Note that ψ(ψ−11,e(g
−1)ψ−10,e(g)) = g
−1g = 1 and so the elements ψ−11,e(g
−1)ψ−10,e(g)
belong to the kernel of ψ. This means that ψ factors via the natural quotient
homomorphism π : G(Γ) −→ Π modulo the normal closure of the elements
ψ−11,e(g
−1)ψ−10,e(g), i.e. there exists a natural epimorphism f : Π −→ G such that
fπ = ψ.
Define now a tree of pro-p groups (G ′,Γ) as follows. Put G ′(v) = π(G(v)),
G ′(e) = π(ψ−10,e(G(e)) and define ∂0, ∂1 to be the natural embeddings of G
′(e) into
G ′(d0(e)) and into G
′(d1(e)). Then the relations
ψ−11,e(g
−1)ψ−10,e(g),
where g ∈ ψ(G(e)), define on Π the structure of the fundamental group Π1(G
′,Γ)
of the graph (G ′,Γ) of groups.
Let F be an open free pro-p subgroup of G. Then f−1(F ) is an open free pro-p
subgroup of Π of the same index as the index of F in G. Then by the Euler
characteristic formula (cf. Exercise 3 on page 123 in [36]), that holds here since
our groups are the pro-p completions of the corresponding abstract groups, we
have
rank(F )− 1 = |G : F |(
∑
e∈E(Γ)
1/|G(e)| −
∑
v∈V (Γ)
1/|G(v)|) =
|Π : f−1(F )|(
∑
e∈E(Γ)
1/|G(e)| −
∑
v∈V (Γ)
1/|G(v)|) = rank(f−1(F ))− 1.
Thus the free pro-p groups F and f−1(F ) have the same rank and therefore they
are isomorphic. Since the kernel of f is torsion free, f is an isomorphism, as
desired. 
Theorem 2.7. Let G be a finitely generated pro-p group acting on a pro-p tree
T with procyclic edge stabilizers. Suppose G is generated by its vertex stabilizers.
Then G is the fundamental pro-p group of a finite tree of pro-p groups (G,Γ)
with procyclic edge groups and finitely generated vertex groups. Moreover, the
vertex and edge groups of (G,Γ) are stabilizers of certain vertices and edges of
T respectively, and stabilizers of vertices and edges of T in G are conjugate to
subgroups of vertex and edge groups of (G,Γ) respectively.
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Proof. By Proposition 2.3 the group G is a surjective inverse limit G = lim←−U GU ,
where GU = Π1(GU ,Γ) is the fundamental group of a finite graph of pro-p groups
(GU ,Γ), where the connecting maps ψU,W map each vertex group GU(v) and each
edge group GU(e) onto a conjugate of the vertex group GW (v) and a conjugate of
the edge group GW (e) respectively. Moreover, there are only finitely many maximal
by inclusion vertex stabilizers in G up to conjugation and also finitely many up to
conjugation edge stabilizers Ge whose images in Π1(GU ,Γ) are conjugates of edge
groups and any other edge stabilizer is conjugate to a subgroup of one of these
Ge. Keeping the notation of the proof of Proposition 2.3 we denote by G(e), G(v)
some representatives of them. Note that in this case, by Proposition 3.5 in [24],
it follows that Γ is a tree.
Claim We can choose the representatives G(e) and G(v) such that for e ∈ E(Γ)
one has G(e) = G(d0(e)) ∩G(d1(e)).
Proof of the claim.
Let D be a maximal subtree of Γ such that this holds for all e ∈ E(D). We show
that D = Γ. Suppose not. Then there exists e ∈ E(Γ) \ E(D) such that a vertex
v of e is in D. Let G ′U(e) = GU(e)
hU be the image of G(e) in GU . Then clearly
GU (v)
hU contains GU(e)
hU . Since G ′U(v) is a conjugate of GU(v), it follows that the
set XU of elements xU ∈ GU such that G
′
U(e)
xU ≤ G ′U(v) is non-empty and clearly
these sets form an inverse system {XU}. It follows that the inverse limitX of {XU}
is non-empty and G(e)x ≤ G(v) for any x ∈ X . So we replace G(e) by G(e)x (in
this way G ′U(e) is replaced by G
′
U(e)
x′
U , where x′U is the image of x in GU). Let w
be the other vertex of e. Similarly, there is an inverse system {YU} of non-empty
subsets of GU such that G
′
U(e) ≤ G
′
U(w)
yU for each yU ∈ YU . Then the inverse
limit Y of {YU} is non-empty and for each y ∈ Y we have G(v) ∩ G(w)
y = G(e)
(since G ′U(v) ∩ G
′
U(w)
yU = GU(e) for every U). Then D ∪ {e} ∪ {w} satisfies the
statement, contradicting the maximality of D.
Now consider the projection ψU : G→ GU , and let G
∗
U(v) = ψU(G(v)), G
∗
U(e) =
ψU (G(e)) for G(v), G(e) being as in the Claim. Let
GU(Γ) :=
∐
v∈V (Γ)
GU(v)
and let fU : GU(Γ)→ Π1(GU ,Γ) be the homomorphism defined by sending GU(v)
to their copies in Π1(GU ,Γ). We choose an element gU,v ∈ GU(Γ) such that
fU(GU (v)
gU,v) = G∗U(v). Put GU(v) = GU(v)
gU,v . Since free products in the pro-p
case do not depend on the conjugation of the factors (see Exercise 9.1.22 in [23]),
we have GU(Γ) =
∐
v∈V (Γ)GU(v).
Now let U and W be open subgroups of G such that U ≤ W . Then the maps
GU(v)→ GW (v) induce an epimorphism ϕU,W : GU(Γ)→ GW (Γ), which gives the
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following commutative diagram
GU(Γ)
fU

ϕU,W
//

GW (Γ)
fW

Π1(GU ,Γ)
ψU,W
// Π1(GW ,Γ)
Let G(Γ) :=
∐
v∈V (Γ)G(v). Then the maps G(v) → GU(v)
gU,v induce an epimor-
phism ϕU : G(Γ) → GU(Γ) such that ϕU,WϕU = ϕW . Thus we have a surjective
inverse system {GU(Γ)}, which by Lemma 9.1.5 in [23] has inverse limit
G(Γ) = lim
←−
U
GU(Γ)) =
∐
v∈V (Γ)
G(v).
Note that G∗U(e) and G
∗
U(v) are conjugates in GU of GU(e) and GU (v) respec-
tively and by the Claim the relations of Lemma 2.6 hold for G∗U(e) and GU(v).
It follows that fU is the epimorphism defined by just imposing on GU(Γ) the
amalgamation relations f−1U,1,e(g) = f
−1
U,0,e(g) for g ∈ G
∗
U(e), e ∈ E(Γ), where
fU,i,e = (fU)|GU (di(e)), i = 0, 1; this means that the kernel of fU is generated by the
relators f−1U,1,e(g
−1)f−1U,0,e(g) for g ∈ G
∗
U(e), e ∈ E(Γ). Let f : G(Γ) −→ G be the epi-
morphism given as the projective limit of the epimorphisms fU . Put fi,e = f|G(di(e)),
i = 0, 1. It follows that imposing on G(Γ) the relations f−11,e (g
−1)f−10,e (g) = 1, where
g ∈ G(e) defines exactly f . This gives the desired structure (i.e., presentation)
of the fundamental group of a graph of groups on G = Π1(G,Γ), with vertex end
edge groups G(v) and G(e) and with the corresponding natural embeddings.
The rest of the proof follows directly from Proposition 2.3. 
3. The decomposition theorem for pro-p groups from the class L
In this section we prove Theorem B and parts (1), (2), (3) and (4) of Theorem
C, stated in the introduction.
We say that the amalgamated free pro-p product A∐C B is proper if A and B
embed in A ∐C B. Ribes proved that an amalgamated free pro-p product with
procyclic amalgamation is proper (see Theorem 3.2 in [25]).
It is worth to recall the definition of the class L of pro-p groups [16]. Denote
by G0 the class of all free pro-p groups of finite rank. We define inductively the
class Gn of pro-p groups Gn in the following way: Gn is a free pro-p amalgamated
product Gn−1 ∐C A, where Gn−1 is any group from the class Gn−1, C is any self-
centralized procyclic pro-p subgroup of Gn−1 and A is any finite rank free abelian
pro-p group such that C is a direct summand of A. The class of pro-p groups
L consists of all finitely generated pro-p subgroups H of some Gn ∈ Gn, where
n ≥ 0. If n is minimal with the property that H ≤ Gn for some Gn ∈ Gn, we
say that H has weight n. Then H is a subgroup of a free amalgamated pro-p
product Gn = Gn−1 ∐C A, where Gn−1 ∈ Gn−1, C ∼= Zp and A = C ×B ∼= Zmp . As
was mentioned above, by Theorem 3.2 in [25], this amalgamated pro-p product is
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proper. Thus H acts naturally on the pro-p tree T associated to Gn (see [24]) and
its edge stabilizers are procyclic.
Lemma 3.1. Let H and T be as above. Then the action of H on T is 2-
acylindrical.
Proof. It suffices to prove that the action of Gn on T is 2-acylindrical. Let Ge
be a non-trivial edge stabilizer. If the diameter of TGe is bigger than 2, then
it contains a non-pending vertex v whose stabilizer is conjugate to Gn−1 and so
we may assume without loss of generality that it is Gn−1. Let e
′ be another
edge incident to v stabilized by Ge. Then ge = e
′ for some g ∈ Gn−1 and so
g ∈ NGn−1(Ge) (we use here that Ge is procyclic). By Theorem 5.1 in [16] it
follows that NGn−1(Ge) = CGn−1(Ge) = Ge. Thus e = e
′, a contradiction. 
Theorem 3.2. Let G be a pro-p group from the class L. If G has weight n ≥
1, then it is the fundamental pro-p group of a finite graph of pro-p groups that
has infinite procyclic or trivial edge groups and finitely generated vertex groups.
Moreover, if G is non-abelian, then it has at least one vertex group that is a non-
abelian pro-p group and all the non-abelian vertex groups of G are pro-p groups
from the class L of weight ≤ n− 1.
Proof. By Lemma 3.1, the action of G on the standard pro-p tree T associated
with Gn is 2-acylindrical; so by Theorem 2.5 it follows that G = Π1(G,Γ) is the
fundamental pro-p group of a finite graph of pro-p groups with procyclic edge
groups and finitely generated vertex groups. Moreover, each vertex group of G is
a vertex stabilizer of G in T ; thus it is a pro-p group from the class L contained in
a subgroup of Gn = Gn−1 ∐C A conjugate to Gn−1 or A. If it is non-abelian, then
it must be contained in a subgroup of Gn conjugate to Gn−1 and so it has weight
≤ n− 1. Thus, in order to finish the proof it remains to show that at least one of
the vertex groups of G is non-abelian.
Let TΓ be a maximal subtree of Γ. By collapsing the fictitious edges of TΓ (i.e.,
edges whose edge group is equal to the vertex group of a vertex of this edge)
we may assume that all vertex groups contain properly edge groups for incident
edges. Then if all vertex groups are abelian we can have at most one vertex in
Γ because otherwise the centralizer of the edge group G(e) is not abelian for any
edge e ∈ TΓ, contradicting Theorem 5.1 in [16]. Thus we may assume that TΓ
has only one vertex. Let H be the vertex group of this unique vertex and A the
edge group (which is procyclic). Then G = HNN(H,A, t). If H is not procyclic,
then since 〈H,H t〉 = H ∐A H
t (cf. Proposition 4.4 in [41]), we get once more a
contradiction by Theorem 5.1 in [16]. Now suppose that H is procyclic. Then we
must have A = At. Hence A is normalized by t and therefore it is central in G.
By Theorem 5.1 in [16] it follows that G is abelian, which is a contradiction. Thus
at least one of the vertex groups of G is non-abelian. 
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Now let G be as in the above theorem. Using the theorem and induction we
can deduce that there are only finitely many conjugacy classes of non-procyclic
maximal abelian subgroups of G. Indeed, let us suppose that this result holds for
all pro-p groups from the class L of weight ≤ n− 1 (and G has weight n). Let H
be a non-procyclic maximal abelian subgroup of G and consider the action of G
on T according to the first paragraph in the above proof. Then H is a subgroup
of Gn−1 ∐C A and so, by Corollary 5.5 in [16], the group H is conjugate in Gn to
a subgroup of Gn−1 or to a subgroup of A. Thus it stabilizes a vertex of T , and
therefore, by Theorem 2.5, it is contained in a conjugate of a vertex group G(v)
of (G,Γ). The non-abelian vertex groups of G have weight ≤ n− 1 and therefore,
by the induction hypothesis, they have only finitely many conjugacy classes of
non-procyclic maximal abelian subgroups. Since G has only finitely many vertex
groups, the result follows. Let us record this result in the following.
Corollary 3.3. Let G be a pro-p group from the class L. Then there are only
finitely many conjugacy classes of non-procyclic maximal abelian subgroups of G.
Recall that if cd(G) < ∞ and if dimFpH
k(G,Fp) < ∞ for all k ≥ 0, then the
Euler-Poincare´ characteristic of G is defined by
χ(G) :=
∞∑
k=0
(−1)kdimFpH
k(G,Fp).
Moreover, if G is the fundamental pro-p group of a finite graph of pro-p groups
(G,Γ) such that the Euler-Poincare´ characteristic is well defined for the vertex and
edge groups, then the action of G on the standard tree S(G) implies the formula
χ(G) = (
∑
v∈V (Γ)
χ(G(v)))− (
∑
e∈E(Γ)
χ(G(e))).
The first part of the following theorem coincides with Theorem 8.1 in [16], while
the second part generalizes Theorem 8.2 and gives an affirmative answer to the
question 9.3 of the same paper.
Theorem 3.4. Let G be a pro-p group from the class L. Then G has a non-
positive Euler-Poincare´ characteristic. Moreover χ(G) = 0 if and only if G is
abelian.
Proof. Clearly χ(G) = 0 if G is abelian. Thus it suffices to show that χ(G) < 0
whenever G is non-abelian. We will prove this using induction on the weight n of
the group G. Suppose that G is non-abelian. If n = 0, then G is a non-abelian
free pro-p group and so we have χ(G) = 1 − d(G) < 0. Now let n ≥ 1 and
suppose that every non-abelian pro-p group from the class L which has weight
less than n has a negative Euler-Poincare´ characteristic. By Theorem 3.2, the
group G is the fundamental pro-p group of a finite graph of pro-p groups (G,Γ)
with infinite procyclic or trivial edge groups and whose vertex groups are either
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finitely generated free abelian pro-p groups or non-abelian pro-p groups from the
class L of weight ≤ n−1. Moreover, there is at least one non-abelian vertex group,
say G(v). Thus, by the induction hypothesis, we have χ(G(v)) < 0. Now by the
Euler-Poincare´ characteristic formula we have
χ(G) = (
∑
x∈V (Γ)
χ(G(x)))−(
∑
e∈E(Γ)
χ(G(e))) = (
∑
x∈V (Γ)
χ(G(x)))−(
∑
e∈E(Γ)
0) ≤ χ(G(v)) < 0.

Let r(G) denote the minimal number of relations of G, i.e,
r(G) := inf{|R| | G has a presentation 〈X | R〉 with |X| = d(G)}.
It is a well known fact that d(G) = dimFpH
1(G,Fp), and if G is finitely generated,
then r(G) = dimFpH
2(G,Fp) (see [35]). Recall that if G is a finitely presented
pro-p group, then the deficiency of G is defined by
def(G) := d(G)− r(G) = dimFpH
1(G,Fp)− dimFpH
2(G,Fp).
Lemma 3.5. Let G be a finitely generated pro-p group with d(G) ≥ 2.
(a) If G = A ∐C B where C is procyclic, then def(G) ≥ def(A) + def(B)− 2.
(b) If G = HNN(H,A, t) where A is procyclic, then def(G) ≥ def(H).
Proof. Part (a) follows from Lemma 2.1 (a) and the obvious fact that r(A∐CB) ≤
r(A) + r(B) + 1. For part (b) first suppose that H = 〈X | R〉, where |X| = d(G)
and |R| = r(G). From the definition of HNN-extensions we have
G = HNN(H,A, t) = 〈H, t | tat−1 = f(a), 〈a〉 = A〉 = 〈X, t | R, tat−1 = f(a)〉,
where f : A → G is a monomorphism. By Lemma 1.1 in [19], there exists a
presentation 〈Y | S〉 of G such that |Y | = d(G) and |S| = |R|+1− (|X|+1−|Y |).
Hence
def(G) = d(G)− r(G) ≥ |Y | − |S| = |X| − |R| = def(H).

Now we are ready to answer positively question 9.1 in [16].
Theorem 3.6. Let G be a pro-p group from the class L. If every abelian pro-p
subgroup of G is procyclic and G itself is not procyclic, then def(G) ≥ 2.
Proof. Suppose that every abelian pro-p subgroup of G is procyclic and G itself is
not procyclic. Again, as in the proof of Theorem 3.4, we will use induction on the
weight n of the group G. If n = 0, then it is clear that def(G) ≥ 2. Let n ≥ 1 and
suppose that any non-procyclic pro-p group from the class L which has weight
≤ n − 1 and in which every abelian pro-p subgroup is procyclic has deficiency
≥ 2. By Theorem 3.2, the group G is the fundamental pro-p group Π1(G,Γ) of
a finite graph of pro-p groups with infinite procyclic or trivial edge groups and
finitely generated vertex groups. Moreover, each non-abelian vertex group is a
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pro-p group from the class L of weight ≤ n− 1. Let TΓ be the maximal subtree of
Γ, k := |Γ| and l := |TΓ|. We can obtain G by successively forming amalgamated
free products and HNN-extensions. Indeed
G = Ak where Al := G(u1)∐G(e1) G(u2)∐G(e2) · · · G(ul) ∐G(el) G(ul+1),
Al+1 := HNN(Al,G(el+1), tl+1) and Aj := HNN(Aj−1,G(ej), tj) for j = l + 2, ..., k.
We want to show that def(Ai) ≥ 2 for each i. Clearly, we can assume that G(ei)’s
are non-trivial. Moreover, we can assume that none of the G(ui)’s is procyclic.
Indeed, if G(uj) ∼= Zp, then since G(uj) ∐G(ej) G(uj+1) is a pro-p group from the
class L, we must have G(ej) = G(uj) and thus G(uj) ∐G(ej) G(uj+1) = G(uj+1).
Hence, we can assume that the vertex groups G(ui) satisfy the hypothesis of the
theorem. Thus def(G(ui)) ≥ 2 for each i. Therefore, by Lemma 3.5 (a), we have
def(Al) ≥ 2. Moreover, Lemma 3.5 (b) gives
2 ≤ def(Al) ≤ def(Al+1) ≤ · · · ≤ def(Ak) = def(G).

For a finitely generated pro-p group G, denote by sn(G) the number of open
subgroups of G of index at most n. A pro-p group G is said to have exponential
subgroup growth if
lim sup
n
logsn(G)
n
> 0.
Lackenby proved that a finitely generated pro-p group G has exponential subgroup
growth if and only if there is a strictly descending chain {Gn} of open normal
subgroups of G such that inf
n
d(Gn)− 1
|G : Gn|
> 0 (see [18], Theorem 8.1).
Let G be a pro-p group from the class L such that every abelian pro-p subgroup
of G is procyclic and G itself is not procyclic, and let {Gn} be a strictly descending
chain of open normal subgroups of G. Since G is finitely presented, we have that
χ2(G) and χ2(Gn) are well defined, where χ2(G) :=
∑2
i=0 (−1)
idimFpH
i(G,Fp)
is the second partial Euler-Poincare´ characteristic of G. By Lemma 3.3.15 in
[21] we have χ2(Gn) ≤ |G : Gn|χ2(G), which implies that def(Gn) − 1 ≥ |G :
Gn|(def(G)− 1). Now from the result of Lackenby mentioned above and Theorem
3.6 we have the following.
Theorem 3.7. Let G be a pro-p group from the class L. If every abelian pro-p
subgroup of G is procyclic and G itself is not procyclic, then G has exponential
subgroup growth.
4. Subgroup properties of pro-p groups from the class L
In this section we prove parts (5), (6) and (7) of Theorem C, stated in the
introduction. We will need the following simple lemma.
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Lemma 4.1. Let G be a pro-p group, and let H and K be finitely generated
subgroups of G. Let A be a subgroup of G that is contained in both H and K. If
A has finite index in both H and K, then A has a finite index subgroup that is
normal in 〈H,K〉.
Proof. Since the restrictions of the natural epimorphism ψ : H ∐A K → 〈H,K〉
to H and K are injections, the amalgamated free pro-p product G′ = H ∐A K is
proper, i.e., H , K and A are subgroups of G′. If A is one of H or K, then the
result is clear. Therefore we can assume that A is different from H and K. Note
that if U is an open subgroup of A normal in G′, then ψ(U) is an open subgroup
of A normal in 〈H,K〉. Hence in order to prove the lemma it suffices to show that
A has an open subgroup which is normal in G′.
Since G′ = H ∐AK is proper, by Theorem 9.2.4 in [23], there is an indexing set
I and families
{Ui | Ui Eo H}i∈I and {Vi | Vi Eo K}i∈I
with the property
⋂
i∈I
Ui = 1 =
⋂
i∈I
Vi and Ui ∩ A = Vi ∩ A for each i ∈ I.
We can assume that these families are filtered from below. Since A is of finite
index in both H and K, it follows that there is some k ∈ I such that Uk ≤ A and
Vk ≤ A. Thus
Uk = Uk ∩ A = Vk ∩A = Vk
and consequently Uk is an open normal subgroup of both H and K. Hence Uk is
an open subgroup of A which is normal in G. This finishes the proof. 
Let G be a (profinite) group and let H be a (closed) subgroup of G. The
commensurator of H in G, denoted by CommG(H), is the set
{g ∈ G | H ∩ gHg−1 has finite index in both H and gHg−1}.
It is not hard to check that CommG(H) is a subgroup of G (possibly not closed if
G is profinite) that contains NG(H).
The following result is well known; for completeness we give its proof.
Proposition 4.2. Let G be a group, and let H and K be subgroups of G such that
K ≤ H. If K has finite index in H, then CommG(K) = CommG(H).
Proof. Let g ∈ CommG(K). Then K ∩ gKg
−1 has finite index in K, and hence
in H . Since K ∩ gKg−1 ⊆ H ∩ gHg−1, we have that H ∩ gHg−1 has finite index
in H. Similarly K ∩ gKg−1 has finite index in gKg−1, and hence H ∩ gHg−1 has
finite index in gHg−1. Thus CommG(K) ⊆ CommG(H).
Conversely, let g ∈ CommG(H). Then H ∩ gHg
−1 has finite index in H . Thus
K∩H∩gHg−1 = K∩gHg−1 has finite index in K∩H = K. Similarly K∩gKg−1
has finite index in K ∩ gHg−1. Hence K ∩ gKg−1 has finite index in K. In
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a similar way we can show that K ∩ gKg−1 has finite index in gKg−1. Thus
CommG(H) ⊆ CommG(K). 
Definition 2. Let G be a (pro-p) group and letH be a finitely generated subgroup
of G. A root of H in G, denoted by rootG(H), is a subgroup H
′ of G that contains
H with |H ′ : H| finite and which contains every subgroup K of G that contains
H with |K : H| finite.
Note that if H is a finitely generated subgroup of finite index in G, then it is
obvious that rootG(H) = G.
Theorem 4.3. Let G be a pro-p group from the class L. Then
(1) [Greenberg-Stallings Property] If H and K are finitely generated subgroups
of G with the property that H ∩K has finite index in both H and K, then
H ∩K has finite index in 〈H,K〉;
(2) If H is a finitely generated subgroup of G, then H has a root in G;
(3) If H is a finitely generated non-abelian subgroup of G, then |CommG(H) :
H| <∞.
Proof. (1) Let H and K be finitely generated subgroups of G with the property
that H ∩K has finite index in both H and K. Note that if 〈H,K〉 is abelian then
the result follows from the structure theorem of the torsion free finitely generated
abelian pro-p groups (see the proof of part (2)). Thus we can assume that 〈H,K〉
is not abelian. By Lemma 4.1, there exists a finitely generated open subgroup
U of H ∩ K that is normal in 〈H,K〉. Hence by Theorem 6.5 in [16], we have
|〈H,K〉 : U | <∞. This implies that |〈H,K〉 : H ∩K| <∞.
(2) Let H be an abelian finitely generated subgroup of G. Note that if H ≤
A ≤ G and |A : H| <∞, then by Corollary 5.4 in [16] it follows that A is abelian.
Consider the set
S(H) = {A | H ≤ A ≤ G,A is finitely generated and abelian}.
Let A1 ≤ A2 ≤ · · · be an ascending chain of elements in S(H). Then A = 〈∪i≥1Ai〉
is abelian. Using Corollary 5.5 in [16] and obvious induction, it is not hard to see
that A is finitely generated. Thus every ascending chain in S(H) has an upper
bound. By Zorn’s lemma it follows that S(H) has a maximal element; denote this
element by S. From the structure theorem of finitely generated free modules over
principal ideal domains it follows that there exists a basis y1, y2, ..., yn of S so that
pa1y1, p
a2y2, ..., p
amym is a basis of H where m ≤ n and a1, a2, ..., am are non-zero
integers with the relation a1 ≤ a2 ≤ · · · ≤ am. Set N = 〈y1, ..., ym〉; it is easy to
see that N = rootG(H).
Now let H be a non-abelian finitely generated subgroup of G. By Theorem 3.4
we have that χ(H) < 0. IfH ≤ K and |K : H| <∞, then from the multiplicativity
of the Euler-Poincare´ characteristic it follows that χ(H) ≤ χ(K) = χ(H)
|K:H|
< 0.
Choose K such that H ≤ K, the index |K : H| < ∞ and χ(K) is as large as
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possible. We claim that K is a root of G. Indeed, suppose that there is some
M ≤ G such that H ≤ M , the index |M : H| < ∞ and K does not contain M .
Then by Greenberg-Stallings property, we have that H is also of finite index in
A = 〈K,M〉. But then χ(A) = χ(K)
|A:K|
> χ(K), which is a contradiction. Thus we
must have K = rootG(H).
(3) Let H be a finitely generated non-abelian subgroup of G. By (2), H has a
root in G. By Proposition 4.2 we have
CommG(H) = CommG(rootG(H)).
Since rootG(rootG(H)) = rootG(H), it suffices to prove that if H = rootG(H),
then H = NG(H) = CommG(H).
Suppose that H = rootG(H). By Theorem 6.7 in [16], H has finite index in
NG(H). Hence we have
H ≤ NG(H) ≤ rootG(H) = H.
Thus H = NG(H). Also, it is clear that NG(H) ≤ CommG(H). It remains to show
that CommG(H) ≤ NG(H). Let g ∈ CommG(H). This means that H ∩ gHg
−1
has finite index in both H and gHg−1, and as a consequence we have
rootG(H ∩ gHg
−1) = rootG(gHg
−1) = rootG(H) = H.
It follows that
〈gHg−1, H〉 = H.
Suppose that g ∈ CommG(H)\NG(H). Then gHg
−1 6= H , and hence H is
properly contained in 〈gHg−1, H〉 = H , a contradiction. Thus we must have
CommG(H)\NG(H) = ∅, i.e., NG(H) = CommG(H), as desired. This finishes the
proof. 
Definition 3. For a given subgroup H of G, the normalizer tower of H in G is
defined as
N0G(H) = H, N
α+1
G (H) = NG(N
α
G(H))
and if α is a limit ordinal, then
NαG(H) =
⋃
β<α
NβG(H).
By part (2) of the above theorem and Theorem 6.7 in [16] we have the following.
Corollary 4.4. Let G be a pro-p group from the class L. If H is a finitely gen-
erated non-abelian subgroup of G, then the normalizer tower of H in G stabilizes
after finitely many steps, i.e., it has finite length.
Proposition 4.5. Let G be a pro-p group from the class L and let H be a non-
abelian finitely generated subgroup of G. Then CommG(H) = rootG(H). In par-
ticular, the group H has finite index in CommG(H).
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Proof. Was performed in the proof of part (3) of Theorem 4.3.

The following result generalizes Corollary 6.6 in [16].
Corollary 4.6. Let G be a pro-p group from the class L. If F is a finitely generated
free pro-p subgroup of G with d(F ) not congruent to 1 modulo p, then
F = NG(F ) = rootG(F ) = CommG(F ).
Proof. Let F be a finitely generated subgroup of G with d(F ) not congruent to 1
modulo p. By part (2) of Theorem 4.3 we know that F has a root. Suppose that
rootG(F ) 6= F . Then there is a subgroup H of G that contains F and such that
|H : F | = p. Since H is torsion free, by Serre’s result [33] we have that H is a free
pro-p group. From Nielsen-Schreier formula we have d(F )−1 = p(d(H)−1). Thus
d(F ) ≡ 1(mod p), which is a contradiction. Thus we must have F = rootG(F ).
By Theorem 6.7 in [16], F has finite index in NG(F ). Hence F ≤ NG(F ) ≤
rootG(F ) = F . By the previous proposition we have F = NG(F ) = rootG(F ) =
CommG(F ). 
A finitely generated subgroup H of a group G is said to be self-rooted if it has
a root in G and rootG(H) = H . From the above corollary it follows that if G is a
non-abelian pro-p group from the class L, then for any n ∈ N there is a self-rooted
finitely generated subgroup F of G with d(F ) > n.
Let G be a pro-p group from the class L. To every finitely generated self-rooted
subgroup H of G we associate the set
H∗ = {U | U ≤ H and |H : U | <∞}.
Consider the sets
M(G) = {H | H is a finitely generated subgroup of G},
G = {H | H ≤ G},
L(G) = {H∗ | H is a finitely generated self-rooted subgroup of G}
and recall that we can consider G as a lattice with the standard meet and joint
operations for groups. One can easily prove the following result.
Proposition 4.7. Let G be a pro-p group from the class L.
a) If H is a self-rooted subgroup of G, then H∗ is a convex sublattice of G
with greatest element H and without a least element.
b) The set L(G) forms a partition of M(G), i.e., any two distinct elements
in L(G) are disjoint and M(G) is equal to the union of all the elements
in L(G).
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5. Demushkin groups
Definition 4. Let G be a pro-p group. We say G is an IF -group if all finitely
generated infinite index subgroups of G are free pro-p groups.
Free pro-p groups are obvious examples of IF -groups. Infinite Demushkin
groups, whose definition we recall below, form another family of IF -groups.
Definition 5. A pro-p group G is called a Demushkin group if it satisfies the
following conditions:
(i) dimFpH
1(G,Fp) <∞,
(ii) dimFpH
2(G,Fp) = 1, and
(iii) the cup-product H1(G,Fp) × H1(G,Fp) → H2(G,Fp) ∼= Fp is a non-
degenerate bilinear form.
Infinite Demushkin groups are precisely the Poincare´ duality groups of dimen-
sion 2. It is well known that if G is an infinite Demushkin group, then all finite
index subgroups of G are Demushkin and all infinite index subgroups of G are free
pro-p (see [35]).
Next we discuss some other examples of IF -groups, which similarly as De-
mushkin groups, appear in number theory. Let K be a discrete valuation field
with perfect residue field k of characteristic p > 0, and let Ksep be a separable
closure of K. Denote by K(p) the maximal p-extension of K in Ksep and let
Γ(p) = Gal(K(p)/K). When v0 > −1 and Γ(p)
(v0) is the ramification subgroup of
Γ(p) in upper numbering (cf. [34], Ch. III), Abrashkin proved that any closed but
not open finitely generated subgroup of the quotient Γ(p)/Γ(p)(v0) is a free pro-p
group [1]. Hence, according to our definition, it is an IF -group. If −1 < v0 ≤ 1,
then Γ(p)/Γ(p)(v0) coincides with the Galois group of the maximal p-extension of
the residue field k, and thus it is a free pro-p group. If v0 > 1 then Γ(p)/Γ(p)
(v0) is
far from being a free pro-p group. If k is infinite, then it is not finitely generated,
and if k is finite, then it is finitely generated but the number of its relations is
infinite (cf. [5]). Thus if v0 > 1, then Γ(p)/Γ(p)
(v0) is an IF -group which is neither
free pro-p nor Demushkin.
Theorem 5.1. Let G be a finitely presented IF -group with an open subgroup of
deficiency greater than 1. If H is a finitely generated subgroup of G that contains
a non-trivial normal subgroup of G, then H has finite index in G.
Proof. Let H be a finitely generated subgroup of G that contains a non-trivial
normal subgroup K of G. Let G1 be an open subgroup of G such that def(G1) ≥ 2.
Then H ∩ G1 is a finitely generated subgroup of G1 and K ∩ G1 is a non-trivial
normal subgroup of G1 that is contained in H ∩G1. Note that H ∩G1 has finite
index in G1 if and only if H has finite index in G. Thus, without loss of generality,
we can assume that def(G) ≥ 2.
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Now we use an idea of D. Kochloukova in [17], where the theorem is proved for
Demushkin groups with χ(G) 6= 0. Suppose that |G : H| = ∞. Firstly we show
that H cannot be procyclic. Indeed, if H ∼= Zp, then we must have K ∼= Zp, and
by Theorem 3 in [10], it follows that def(G) ≤ 1. Thus H is a non-abelian free
pro-p group. Note that χ(H) = 1− d(H) ≤ −1 and consider the set
T (H) = {U | H ≤ U ≤ G,U is finitely generated and |G : U | =∞}.
Let M ∈ T (H). Then M is a finitely generated non-abelian free pro-p group
and H is a finitely generated subgroup of M that contains the normal subgroup
K of G. By Proposition 3.3 in [20], it follows that |M : H| < ∞. Thus M is
finitely generated and χ(M) = 1 − d(M) ≤ −1. From the multiplicativity of the
Euler-Poincare´ characteristic on finite index subgroups we have
χ(H) = |M : H|χ(M).
Since −χ(M) ≥ 1, it follows that
|M : H| =
χ(H)
χ(M)
≤ −χ(H).
Thus there is an upper bound for |M : H|. This implies that every ascending
chain of elements in T (H) has an upper bound. By Zorn’s lemma it follows that
T (H) has a maximal element.
Let N be a maximal element of T (H). Since N is a closed subgroup of G, we
have
N = ∩{V | N ≤ V ≤o G}.
Moreover, since N has infinite index in G, there is a sequence V1 ≥ V2 ≥ · · ·V1 ≥
Vi+1 ≥ · · · of open subgroups in G such that N = ∩i≥1Vi.
For each i ≥ 1, choose wi ∈ Vi\N and set Wi = 〈N,wi〉. Then we have
N = ∩i≥1Wi. Note that there is no i ≥ 1 with |G : Wi| = ∞, because otherwise
it would contradict the maximality of N in T (H). Hence |G : Wi| < ∞ for all
i ≥ 1. Since G is finitely presented, we have that χ2(G) and χ2(Wi) are well
defined, where χ2(G) is the second partial Euler-Poincare´ characteristic of G.
By Lemma 3.3.15 in [21] we have χ2(Wi) ≤ |G : Wi|χ2(G), which implies that
def(Wi)− 1 ≥ |G :Wi|(def(G)− 1). Thus we have
|G : Wi| ≤
def(Wi)− 1
def(G)− 1
≤
d(Wi)
def(G)− 1
≤
d(N) + 1
def(G)− 1
.
Hence the index |G : Wi| has an upper bound that does not depend on i. This
implies that there are only finitely many possibilities for Wi. Hence, N = ∩i≥1Wi
has finite index in G, a contradiction. This finishes the proof. 
Remark. Note that the result in the above theorem in general is not valid if we
do not assume that G has an open subgroup of deficiency greater than 1. For
instance, if G is an infinite solvable Demushkin group, then every open subgroup
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of G has deficiency 1 and G has a normal subgroup of infinite index isomorphic
to Zp.
As an immediate consequence of Theorem 5.1 we get the following.
Corollary 5.2. Let G be a finitely presented IF -group with an open subgroup of
deficiency greater than 1. If H is a non-trivial finitely generated normal subgroup
of G, then H has finite index in G.
Remark. The above corollary is just a special case of Theorem 3 in [10]. Moreover,
note that the above result is true for any free pro-p group, not only for finitely
generated free pro-p groups. Indeed, if G is a free pro-p group and H is a finitely
generated subgroup of G of infinite index, then one can easily find a finitely gen-
erated subgroup G′ of G such that H ≤ G′ and H has infinite index in G′; this is
impossible by the above corollary.
Corollary 5.3. Let G be a finitely presented pro-p group with an open subgroup
of deficiency greater than 1. Suppose that all infinite index subgroups of G are free
pro-p groups. Then any non-trivial finitely generated subgroup H of G has finite
index in its normalizer in G.
Proof. Let H be a finitely generated subgroup of G. If NG(H) is of infinite index
in G, then it is a free pro-p group. Since H is a finitely generated normal subgroup
of the free pro-p group NG(H), by the above remark, it must be of finite index
in NG(H). Now suppose that NG(H) has finite index in G. Let K be an open
subgroup of G such that def(K) ≥ 2. Then K ∩NG(H) is an open subgroup of K
and
def(K ∩NG(H))− 1 ≥ |K : K ∩NG(H)|(def(K)− 1) ≥ 1.
Since K ∩ NG(H) has finite index in NG(H), one can apply the above corollary
and obtain that H has finite index in NG(H). 
Note that Corollary 5.3 is an analogue of Theorem 6.7 in [16].
Theorem 5.4. Let G be a finitely presented IF -group with an open subgroup of
deficiency greater than 1. Then
(1) [Greenberg-Stallings Property] If H and K are finitely generated subgroups
of G with the property that H ∩K has finite index in both H and K, then
H ∩K has finite index in 〈H,K〉;
(2) If H is a finitely generated subgroup of G, then H has a root in G;
(3) Suppose in addition that all infinite index subgroups of G are free pro-p
groups. Then |CommG(H) : H| <∞ for any non-trivial finitely generated
subgroup H of G.
Proof. (1) Let H and K be finitely generated subgroups of G with the property
that H ∩K has finite index in both H and K. Note that if 〈H,K〉 is abelian then
the result follows from the structure theorem of the torsion free finitely generated
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abelian pro-p groups. Thus we can assume that 〈H,K〉 is not abelian. By Lemma
4.1, there exists a finitely generated open subgroup U of H ∩K that is normal in
〈H,K〉. Hence, by Theorem 5.1, we have |〈H,K〉 : U | < ∞. This implies that
|〈H,K〉 : H ∩K| <∞.
(2) Let H be a finitely generated subgroup of G. If H has finite index in G,
then rootG(H) = G. Therefore, we may assume that H has infinite index in G.
Consider the set
R(H) = {K | H ≤ K ≤ G and |K : H| <∞}.
It is easy to see that H has a root in G if and only if the greatest element of R(H)
exists. Thus it suffices to show the existence of the greatest element of R(H).
Firstly we consider the case when H is not procyclic. Since H is a finitely
generated non-abelian free pro-p group, we have χ(H) = 1 − d(H) ≤ −1. Let
K ∈ R(H). Since |K : H| <∞, it follows that K is also a finitely generated non-
abelian free pro-p group, and χ(K) = 1 − d(K) ≤ −1. From the multiplicativity
of the Euler-Poincare´ characteristic on finite index subgroups we have
χ(H) = |K : H|χ(K).
Since −χ(K) ≥ 1, it follows that
|K : H| =
χ(H)
χ(K)
≤ −χ(H).
Thus there is an upper bound for |K : H|. This implies that every ascending chain
of elements in R(H) has an upper bound. By Zorn’s lemma it follows that R(H)
has a maximal element.
Next, suppose that H ∼= Zp and let H1 ≤ H2 ≤ · · · be an ascending chain of
elements in R(H). Let L = 〈∪i≥1Hi〉. Then L is a closed abelian subgroup of G,
so we must have L ∼= Zp (because G is a finitely presented IF -group with an open
subgroup of deficiency greater than 1). Since the only closed subgroup of infinite
index in Zp is the trivial one, we have |L : H| <∞. Thus every ascending chain in
R(H) has an upper bound. By Zorn’s lemma it follows that R(H) has a maximal
element.
Now let N be a maximal element of R(H). We claim that N is the greatest
element of R(H). Suppose this is not true. Then there is A ∈ R(H) such that
A  N , and so, by the Greenberg-Stallings property we have |〈N,A〉 : H| < ∞.
Thus 〈N,A〉 is an element of R(H) which properly contains N . Hence N is not a
maximal element of R(H), which is a contradiction.
(3) Let H be a finitely generated subgroup of G. Then |NG(H) : H| < ∞, by
Corollary 5.3. Now if we proceed as in the proof of part (3) of Theorem 4.3, we
get |CommG(H) : H| <∞. 
By part (2) of the above theorem and Corollary 5.3 we have the following.
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Corollary 5.5. Let G be a finitely presented pro-p group with an open subgroup
of deficiency greater than 1. Suppose that all infinite index subgroups of G are free
pro-p groups. Then the normalizer tower in G of any non-trivial finitely generated
subgroup H of G stabilizes after finitely many steps, i.e., it has finite length.
Proposition 5.6. Let G be a finitely presented pro-p group with an open subgroup
of deficiency greater than 1. Suppose that all infinite index subgroups of G are
free pro-p groups. Then for a non-trivial finitely generated subgroup H of G we
have CommG(H) = rootG(H). In particular, the group H has finite index in
CommG(H).
Proof. Same as the proof of Proposition 4.5. 
The following result is an analogue of Corollary 4.6.
Corollary 5.7. Let G be a finitely presented IF -group with an open subgroup of
deficiency greater than 1. Then for any non-trivial finitely generated subgroup H
of G with d(H) not congruent to 1 modulo p we have
H = rootG(H).
If in addition we suppose that all infinite index subgroups of G are free pro-p
groups, then
H = NG(H) = rootG(H) = CommG(H).
Proof. Same as the proof of Corollary 4.6. 
Recall that infinite Demushkin groups have positive deficiency. Moreover, if
G is an infinite Demushkin group then it is solvable if and only if def(G) = 1.
Thus non-solvable Demushkin groups have deficiency greater than 1; hence all the
results stated in this section hold for non-solvable Demushkin groups.
Let G, M(G), H∗ and L(G) be defined as in Section 4. We have the following.
Proposition 5.8. Let G be a finitely presented IF -group with an open subgroup
of deficiency greater than 1.
a) If H is a self-rooted subgroup of G, then H∗ is a convex sublattice of G
with greatest element H and without a least element.
b) The set L(G) forms a partition of M(G), i.e., any two distinct elements
in L(G) are disjoint and M(G) is equal to the union of all the elements
in L(G).
6. Abstract limit groups
In [26], as we mentioned in the introduction, Rosset proved that every finitely
generated subgroup of a free group has a root. The following theorem generalizes
this result to the class of abstract limit groups.
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Theorem 6.1. Let G be an abstract limit group. If H is a finitely generated
subgroup of G, then H has a root in G.
Proof. We only need to mention that by Theorem 6 in [22], abstract limit groups
satisfy the Greenberg-Stallings property and by Lemma 5 in [15], non-abelian
abstract limit groups have negative Euler characteristic. The rest of the proof is
similar to the proof of part (2) of Theorem 4.3. 
By the above theorem and Theorem 1 in [2] we have the following.
Corollary 6.2. Let G be an abstract limit group. If H is a finitely generated
non-abelian subgroup of G, then the normalizer tower of H in G stabilizes after
finitely many steps, i.e., it has finite length.
Finally, let us note that the result of Proposition 4.7 also holds for abstract
limit groups.
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